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Abstract. We provide an overview of the diffusion model as a method to generate new samples. Generative
models have been recently adopted for tasks such as art generation (Stable Diffusion, Dall-E) and text
generation (ChatGPT). Diffusion models in particular apply noise to sample data and then “reverse”
this noising process to generate new samples. We will formally define these noising and denoising
processes, then present algorithms to train and generate with a diffusion model. Afterward, we will
explore a potential application of diffusion models in improving classifier performance on imbalanced
data.

1. Introduction. Generative models create new data instances. Recently, generative mod-
els have seen applications in image generation [15] and text generation [14]. In this article,
we are interested in generative models that create data instances that “mimic” some given
sample data. Doing so will allow us to sample arbitrarily many points from the distribution
underlying the original sample data. Figure 1 depicts this process applied to image genera-
tion. In a broad sense, the model receives a sample of training images, which “learns” the
structure of the images, then uses that knowledge to create new images that mimic the origi-
nal sample. Common architectures used for generative models include Generative Adversarial
Networks [6, 19], Variational Autoencoders [10], and Transformers [18, 9]. For this article, we
will focus on discussing the mechanics of diffusion models [7, 20, 16]. In particular, we seek to
give a formal overview of how diffusion models are trained and how they generate new samples.

In Section 4, we explore an application of diffusion models for improving classifier perfor-
mance (this is in contrast to the typical application of diffusion models as image generators
[7]). To this end, we will focus on a dataset of credit card transactions, of which an exceedingly
small minority are fraudulent, and the rest are legitimate. Our aim is to use diffusion models
to generate data mimicking the fraudulent transactions, then augmenting the training data
with this generated data before training a classifier.

1.1. Diffusion Models. Diffusion models iteratively apply noise to data until the initial
distribution of the data is unrecognizable, and then, after learning this “noising phase”, re-
verse the noising to recover the initial sample. We will refer to this noising phase as the
forward process and this denoising phase the reverse process. More specifically, the forward
process will transform the sample data into a standard normal distribution (that is, normal
with mean 0 and unit variance). Then, to generate new data, we sample new points from a
standard normal distribution and apply the reverse process to recover an approximation of
the sample data. This scheme will allow us to generate arbitrarily many points that mimic
the initial sample.
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JUSTIN LE

In addition to converging to a standard normal, we would also like the noising process to be
continuous, converge quickly, and have randomness enforced at each time step. The random-
ness in the noising process is key, as this is what allows the generated data to be slightly
different from the original sample when we denoise the data. To formally define the noising
process, we will present the Ornstein-Uhlenbeck equation in Section 2, which is a type of
Stochastic Differential Equation (SDE). The solution to this equation will satisfy the above
properties and will therefore be used to define the forward process. After defining the forward
process, we can then deduce the reverse process and use this to generate samples.

Training | Generative Generating
Model '

Training Data

Figure 1: A sketch of the pipeline for image generation. On the left are real images of giraffes,
and on the right is an image of a giraffe generated by Dall-E (found in [15]).

2. Theory of Diffusion Models. Our first step towards developing diffusion models is to
formally define the forward process. We achieve this with the following SDE.

2.1. The Ornstein-Uhlenbeck Equation. We consider the Ornstein-Uhlenbeck equation
in R given by

2.1) dX; = -X;dt++2dB;
' X(0) =Xq '

In contrast to an ODE, whose solution is a function from [0,00) to R?, the solution X; to
(2.1) is a stochastic process, which can be thought of as a function from [0, c0) into the space

of random variables on R?. Likewise, the initial condition X is our original sample rather

than a point in R?. The overarching goal of a diffusion model is to generate samples from the
underlying distribution of Xj.

The term —X,dt is known as the drift and is the non-stochastic element of the SDE. In-
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tuitively, this drift term contributes exponential decay, as it is known that the ODE

dX; =-X;dt
X(O) = 2o
has as its solution
X, = zge ",

The stochastic process By ~ N(0,tI) is responsible for enforcing randomness in this SDE.
We call By a Wiener process (or Brownian motion). A Wiener process can be thought of as
modeling particles dispersing in space over time.

We begin by stating the well-known solution to the Ornstein-Uhlenbeck equation.
Proposition 2.1. The solution to (2.1) is given by

¢
(2.2) X, =e Xy + +\f2/ e~ (t=5) dBg,
0

and the distribution of X; satisfies

(2.3) X;=e"Xg+V1—e2Z,

where Z ~ N(0,1).

This solution X; is the forward process described in Subsection 1.1. See Appendix A and [5]
for more information of how this solution is obtained.

To condense our notation, we will denote

(2.4) =) = et

(2.5) Br=pB(t):=vV1—e2
for all ¢ > 0. Then, (2.3) becomes

(2.6) X =% Xo + BiZ.

In particular, X; ~ N (v, Xo, 8?1) for all + € R. Since 1tlim v = 0 and tlim B: = 1, we have
— 00 — 00

that X; converges in distribution to a standard normal as ¢ — oo. Moreover, v; and [

are continuous and converge exponentially to their respective limits, meaning the forward

process has the desired properties of randomness, rapid convergence to a standard normal,

and continuity.
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2.2. Discretizing the Time Domain. We now consider a discretization of the time domain
to simulate solutions to (2.1). Fixing N € N, let {At,}_, be a finite sequence of positive real
numbers (we discuss a more detailed scheme to define the At,, in Appendix B). Then, define

n
to=0and t, = > Aty for n =1,...,N. In other words, the ¢, represent our discrete time
k=1
values while the At,, describe the steps in time. We denote
Bn = Btn-

X, = tha Tn = Vtn>

Using this discretization, we immediately obtain a recursive formula for computing X,,.
Corollary 2.2. For alln=0,..., N — 1, the distribution of X, 11 satisfies

Xnt1 = ’Y(Atn—l-l)xn + ﬁ(Atn—H)Zn-l-l:

(2.7)
Zn ~ N(0,1I) are i.i.d. standard normal random variables.

where Z, . .
This result is obtained in the same fashion as (2.6) — see Appendix A for more details.

To simulate the forward process on sample data, we take zy € R? and iteratively apply
(2.7) with xo in place of Xy and ¢, € R4 sampled from a standard normal distribution in

place of Z,. Note that the ¢, are sampled independently in each iteration. Figure 2 shows
the trajectories and kernel density estimate (KDE) under (2.7) with X being sampled from
a Dirac mass centered at 3. Importantly, despite the fact that all 10 trajectories begin at the
same position, each of the trajectories split off into different directions because of the ran-
domness enforced in (2.7). Moreover, as ¢ increases, the distribution of X; begins to resemble

that of a standard normal.
Evolution of Trajectories Under Forward Diffusion Distribution of Trajectories att = 0, 1, and 10
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Figure 2: Trajectories and KDE with X = 3 under the forward process.
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2.3. Reverse Diffusion. We have seen that the forward diffusion process takes any initial
distribution and transforms it into a standard normal. We now ask whether or not the forward
diffusion process can be reversed. That is, starting from data sampled from a standard normal
distribution, we want to know if the forward diffusion process can be applied in reverse to
obtain data that mimics the original sample. In Figure 3, we demonstrate these forward and
reverse processes applied to a simple dataset in R?. Once again, the forward process begins
with the original sample data and iteratively applies noise. To generate a new sample with
the reverse process, we begin by sampling new points from a standard normal and iteratively
denoising the data. The resulting “denoised” data resembles the original sample, but is not
exactly the same. Like with the forward process, the reverse process does obey an SDE (this
is explored in [17]). In this paper, we are not interested in this reverse SDE — instead, we will
deduce the reverse process by leveraging the discrete time steps we discussed in Subsection 2.2.
Doing so will give us a discretized version of the reverse process.

Forward

t=1.012

Reverse

Figure 3: A timeline of the forward process (top) and the reverse process (bottom) applied to
the Moons dataset from Scikit-Learn [13]. The original sample is in the top-left corner and
the generated data is in the bottom-right corner.

Recall that the discretized forward diffusion process gives a finite se quence of random vari-
ables Xg, X1,...,Xy. We will assume N and ¢y are chosen such that Xy is approximately
standard normal for the given initial condition Xj. Ideally, we would want to determine the
conditional density p(x, |r,+1) (that is, given the future position of a trajectory, we want to
determine the distribution of its present position). However, deducing this conditional density
is an ill-posed problem. This is because every initial condition converges to a standard normal
under the forward diffusion p rocess. T herefore, if we start from X y~ A(0,I) and have no
information on the initial condition Xy, the conditional density p(zny—1|zxn) is not unique.

Instead, we will look to deduce p(x, | n+1, o) — that is, given the future and initial po-
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sition of a trajectory, we want to determine the distribution of its present position. Starting
from Xy and iteratively computing the conditional density of the previous time step will
result in an approximation of p(xg). The following proposition addresses how this conditional
density is obtained:

Proposition 2.3. Let 1 <n < N — 1 and suppose Xog = x9 and Xyp41 = Tn41. Then,

(28) P(«Tn ‘ Tn+41, .T()) ~ N(ﬁ? Egl)v

with T = W(Znt1, 20, tny1) and o2 defined as

Aty, 2 nB(Atni1)?
(2.9) = ( 52+1)B Tt o+ B = +1) .20
n+1 n+1

=2 _ 5(Atn+1)2572l .

n —

(2.10) 2

See Appendix C for a detailed proof of this result.

With this proposition, we can determine the distribution of X,, if we know the values taken
on by Xo and X,,+1. In fact, this proposition tells us that the discretized reverse diffusion
process is nothing more than computing a mean and variance, then sampling from a normal
distribution — Figure 4 shows a sketch of this procedure. This result can also be extended
to n = 0. In particular, if n = 0, then (2.9) and (2.10) yield 7 = z¢ and o2 = 0. This
is consistent with the fact that the conditional distribution of X given Xg = xg is zg with
probability 1. What’s more, the discretized reverse diffusion will tend towards z gas n tends
to 0, confirming that this reverse diffusion process does indeed “reverse” the forward process
outlined in Subsection 2.1.

Importantly, the variance term 2 only depends on the iteration n (i.e., there is no dependence
on the position of the trajectory). Because we control these iterations, the variance of the
discretized reverse diffusion process is always k nown. On the other hand, the mean & depends
on both x, 1 and xg. In other words, [z is the only quantity of interest in the reverse diffusion
process that encodes information from the distribution of Xj.
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Figure 4: A sketch of the discretized reverse diffusion process with the initial condition xg
known. Starting at x,1, we compute & with (2.9), then compute a2 with (2.10), and finally
sample z,, ~ N'(fi,2) as in (2.8).

n

3. Building a Diffusion Model. When generating data with the reverse diffusion process,
we must begin by sampling points from a standard normal. As a result, when applying the
reverse diffusion process to these points, the initial condition z( (i.e., the value taken on by
Xp) is not known, meaning 7z cannot be directly computed through (2.9). To circumvent this,
we will construct a scheme to estimate © while only knowing x,11 and t,41. For this, we
employ techniques from machine learning to “learn” the value of &z from the original sample.
Letting 6 be the set of parameters of our model, we will let fig = fig(xp+t1,tn+1) denote the
expectation of X,, predicted by our model and fi(xy+1, xo, tn+1) denote the true expectation
of X,, given Xy = z¢ and X, 11 = 41 A brief outline for training this model is as follows:

—_

. Apply the forward diffusion process to xg for a finite number of steps.
2. For each step, compute fi(zy+1, o, tnt1) with (2.9).

3. Use the model to predict fig(pn41,tn+1) for each step.

4. Update 6 to minimize the distance || — fig]|.

With this scheme, the information from Xy gets encoded into the parameter set 6. In other
words, our model learns the distribution underlying the original sample.
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3.1. Alternative Methods to Approximate 7i. Since our model will know the values of
ZTp+1 and ty41, the only unknown quantity in the expression for @ is zg. Thus, instead of
predicting @ directly with our model, we may instead opt to predict xg with our model and
then use this prediction to compute an estimate of . This way, we avoid using the model
to predict all the terms which are already known (namely, the terms dependent on t,,41 and

xn—i—l)-

We also have another method for estimating fi. Using (2.6), we write

- €
(3.1) g = Fnt! Brt1 0.
Tn+1
where ¢¢ is sampled from a standard normal distribution. Substituting this into (2.9) and

simplifying will yield

— 1 . B(Atn+1)2 )
(3‘2) = V(Athrl) <$n+1 ﬁnJrl )

Intuitively, one can think of ¢y as the “noise” that transforms z¢ into x,4+1. By predicting
this noise term g, we can estimate the value of . Using (2.9) and (3.2), we now define two
alternative methods for determining fig:

o Atni1) 52 WB(Atn1)?
(3.3) fio = fio(Tnsitstni1) = V(ﬁ;l)ﬁ Tns1 + W(BQH) (Z0)s
n+1 n+1
N ~ 1 B(Atn+1)2
(3.4) fio = fio(Tnt1,tnt1) S By ($n+1 B €6 )

where (%0)g = (20)g(Tn+t1, tn+1) and g9 = eg(Xp41, tnt1) are (respectively) the estimates of xg
and g¢ produced by our model. To summarize, we have three methods to estimate u:

1. Use the model to estimate fig(@n41, tny1)-
2. Use the model to estimate (2y)p and compute iy with (3.3).
3. Use the model to estimate g and compute fip with (3.4).

Note that methods 2 and 3 can be thought of as equivalent up to a change of variables. How-
ever, recall that the unconditional distribution of the g¢ (i.e., when the initial condition is not
known) is standard normal. Thus, the distribution of the ¢ is potentially simpler than that
of the xg and therefore may be easier to predict. With this idea, we will choose to employ
method 3 for estimating g, and the training and generating algorithms discussed in Subsec-
tion 3.2 and Subsection 3.3 will use method 3.

With our method for estimating 7= determined, we must address how 6 is optimized such
that fig approximates 7.

3.2. Learning from Forward Diffusion. Let {$n}7]¥:1 be a discretized sample path of the
forward process starting at . Solving for ¢ in (3.1) gives us
Ln+1 — Tn+120

(35) €0 = 80(1"77,4»17 0, tn+1) =
ﬁn+1
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for all time steps n = 0,..., N — 1. In the pursuit of generating new datapoints, we are
looking to learn €9 without using the initial distribution Xg. To achieve this, we will simulate
trajectories of the forward process where the initial condition is the sample data. At each step,
our model will predict eg(xp+1,tn+1) as an estimate of eg(Zp11, 20, tnt1). Then, the model
will be tuned to minimize the distance between g4 and £¢. In doing so, the model will learn
how to predict g9 without ever seeing the initial condition. Algorithm 3.1 gives a description
of how a diffusion model is trained on a single point x.

Algorithm 3.1 Training

1: Parameters: 20 e R NeN,0<t; <...<tn,0

2: repeat

3:  Compute 1, ...,xyN using g with (2.7)

4: forn=0,...,N—1do

5 Solve for g with (3.5)

6: Predict g = eg(p41, tny1) with the model

7. end for

8:  Compute the mean square error (MSE) loss with

1 N
(3.6) Lo = + > lleo — eoll?
n=1

9:  Take one gradient descent step on (3.6)
10: until converged

3.3. Generating with Reverse Diffusion. After training the model on multiple trajecto-
ries under the forward process starting at the points in the original sample, we are now able
to synthesize arbitrarily many points that “mimic” our original data. Algorithm 3.2 describes
how to generate a new data point. This algorithm simulates the reverse diffusion process — at
each step, €g(n11,tn+1) is computed as an approximation of the true noise eo(zp+1, o, tnt+1)-
This eg is used to estimate [z, which then “guides” the reverse trajectories towards an estimate
of the initial condition.

Algorithm 3.2 Generating

1: Parameters: N e N, 0<t; <...<tpn, 0
2: Sample zy ~ N(0,1)

3: forn=N-1,...,0do

4:  Predict eg(zp+1,tnt1)

5. Compute fig = fig(Tn+1,tnt1) with (3.4)
6

7

8

9

Compute 7, with (2.10)
Sample z ~ N(0,1)
C Tp =y + Opz
: end for
10: return =z
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4. Applications for Improving Classifier Performance. Now, we consider diffusion models
as a method to improve classifier performance. For this, we will use a dataset of credit card
transactions [3, 4] from Kaggle (https://www.kaggle.com/datasets/mlg-ulb/creditcardfraud).
This dataset contains information on 284,807 transactions, of which only 492 are fraudulent
(this gives a fraud prevalence rate of approximately 1.73 - 1073). Because of this, we are
interested in generating data that mimics the fraudulent transactions, and then appending
this generated data to the training data. In doing so, we may see improvement in a classifier’s
ability to detect fraud. In particular, we will focus on the precision and recall of a classifier
when trained with and without diffusion augmented data, which we define as follows:

Number of fraudulent transactions correctly labeled as fraud

Precision = ,

Total number of transactions labeled as fraud

Number of fraudulent transactions correctly labeled as fraud
Recall = .

Total number of fraudulent transactions

To append synthetic data, we first split the original data into train and test sets. Then,
we train a diffusion model on the fraudulent transactions from the training data, generate
data with this trained diffusion model, then append this synthetic data to the training data.
Because the credit card data has 29 features, we cannot directly visualize the original and
synthetic data. Instead, we use dimensionality reduction to obtain a broad idea of the structure
of the data. In Figure 5, we reduce the dimension of the original and synthetic fraudulent
data using Uniform Manifold Approximation and Projection (UMAP). This dimensionality
reduction technique leverages theory from algebraic topology to construct a lower-dimensional
representation of the data in such a way that preserves topological structure [11]. In this
reduced state, the synthetic data mostly agrees with the original fraud data, suggesting that
the diffusion model was able to capture the structure underlying the fraudulent transaction
data even in 29 dimensions.
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® Fraud Training Data
® Fraud Synthetic Data

Figure 5: A plot of the training and synthetic fraud data after applying dimensionality reduc-
tion with UMAP.

4.1. Classification on the Credit Card D ataset. After augmenting the training data with
data generated by a diffusion model, we now p erform c lassification. We use the XG Boost [2]
and Random Forest [8] classifiers and train them on the unmodified training data and training
data augmented with our diffusion m odels. Table 2 and Table 3 show the precision, recall, and
F} score (which is the harmonic mean of precision and recall) of XGBoost and Random Forest
applied to the test set after being trained with these two methods. Notably, adding synthetic
data improves the recall of both classifiers, but it comes at the tradeoff of precision, meaning
both classifiers improve at identifying fraud with the cost of more “false accusations” of fraud.

The GitHub repository containing our implementation of diffusion models, visualization, and
classification can b e found h ere: h ttps://github.com/justinle4 /Diffusion. In pa rticular, we
utilized the PyTorch [12] library in Python to design and train the neural network underlying
our diffusion model.
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Table 1: XGBoost Results

Method Precision | Recall | F} Score
No Augmentation | 0.8901 0.8265 0.8571
Diffusion 0.8737 | 0.8469 | 0.8601

Precision, recall, and F; score for XGBoost on a test set after being trained with and without
data augmentation with diffusion models. The maximum value in each column is bolded.

Table 2: Random Forest Results

Method Precision | Recall | Fj Score
No Augmentation | 0.9524 0.8163 0.8791
Diffusion 0.9053 0.8776 | 0.8912

Precision, recall, and Fj score for Random Forest on a test set after being trained with and
without data augmentation with diffusion m odels. T he m aximum v alue i n e ach ¢ olumn is

bolded.

5. Closing Remarks. In this work, we discussed the mechanics of diffusion m odels for
generating new samples. To do so, we started by defining a forward process as m odeled by
a linear SDE. From this forward process, a discretized solution to the reverse process could
be obtained. The diffusion modelisthen trained by “witnessing” t he forward process (i.e.,
learning to estimate the noise £¢), and generates points by inferring the reverse process.

As an application to classification problems in imbalanced d atasets, we found that d ata aug-
mentation with diffusion improved recall on the credit card dataset for two tree-based classi-
fiers while the precision noticeably suffers when augmenting da ta. That is, models trained on
diffusion-augmented data can better detect fraud when it occurs, with the tradeoff of making
more “false accusations” of fraud. For classification p roblems in which failing t o d etect the
minority class is more costly than incorrectly labeling data as belonging to the minority class,
data augmentation with diffusion may be advantageous.

For future work on diffusion m odels, w e ¢ an ¢ onsider i mplementing t he N egative Prompt-
ing algorithm [1], which currently only sees applications in image generation. The Negative
Prompting algorithm allows one to generate data that mimics one class while avoiding another
class. On the mathematical front, connections between the reverse SDE in [17] and partial
differential e quations can b e investigated utilizing a result known as It6’s formula (discussed
in [5]). Such an approach would

Appendix A. Solving the Ornstein-Uhlenbeck Equation. Solving (2.1) and SDEs more
broadly requires the development of a new type of integration called “It6 integration”. This is
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what allows us to make sense of integrating against dB;, which, unlike the traditional notions
of integration, integrates with respect to a stochastic process. A rigorous development of the
It6 integral and the necessary properties of the integral to obtain (2.3) can be found in Evans’
text on SDE [5]. The key lemma from this text is that integrating against dB; does not yield
a number, but rather a random variable.

Lemma A.l. Let 0 < a < b and g € L?(a,b). Then, f;g(s) dBg is normally distributed

with
E [/abg(s)st] =0

(/abg(s) dBS)2 = /ang(s) ds.

The proof of this lemma can also be found in [5] and is one of the key properties of the It
integral. With this lemma, (2.3) can easily be obtained.

and

E

Proof. (Proposition 2.1) Our first step towards solving (2.1) is to make use of the
method of integrating factors. Set Z; = ¢!X; and observe that

dZ; = !X, dt + e'dX; = e X, dt + ' (— X, dt + V2dB)
= \/§€tdBt.

Integrating both sides over [0,¢] then yields
t t
Z: = zo+\f2/ efdB, — X, :etX0+\/§/ e~ (=9) 4B,
0 0
establishing (2.2). From here, we use Lemma A.1 to deduce
t t
E [\/5 / e~ (t=3) dBS} = (V2e HE [ / e’ dBS] =0
0 0
and

E

t 2
(\/5 [ et dBS)
0
Now, we conclude

Var [\/ie—t /0 t e’ st} =" [<\/§e_t /O t e st>2

—1—e2

= (2¢e"E [(/Ot e’ dB3>2

=1-—ce¢

t 2
—E [\/ﬁe_t/ e’ dBS]
0

225



JUSTIN LE

In other words,
t
\/ie_t/ efdB, ~ N(0,1 —e™2),
0

so we can rewrite X; as follows:

X, =e ' Xog+V1—e2Z

with Z ~ N(0,I). This is (2.3). [ |

To obtain (2.7), we simply repeat the steps above, but instead integrating over [t,, t,41] rather
than [0, ¢].

Appendix B. Time Discretization. Here, we describe an algorithm to choose the values
of At,. Importantly, we do not explicitly set the values of At,; rather, we control the values
of 3., where the 3, are as defined in (2.5). This is because 32 is the variance of X,, at each
time step, and having control over the variability of X,, is more immediately interpretable
than the size of a time step (that is, we do not know a priori what makes a “good” choice
for a time step size). These (3, are chosen to be equally spaced between the user-defined
values 81 and Sy, and At, is then obtained using (5,. With this scheme, At, increases
with respect to n, meaning more time steps will be found closer to 0 (i.e., when the “drift”
portion of forward diffusion is most pronounced). Hence, a model trained with such a time
discretization scheme will more thoroughly learn the drift, which is crucial when generating
points with the reverse process. In contrast, diffusion models trained using uniform time steps
tend to produce synthetic data that is less faithful to the original sample since more weight
is placed on learning the forward process for large t. This is the stage of forward diffusion
when the data has already become noisy and remains noisy, so learning these latter parts of
the forward process are not as important for inferring the reverse process.

Algorithm B.1 Time Discretization

1: Parameters: N € N, 0 < 51 < By < 1.
2: forn=1,...,N do

3: ﬁnzﬁl+w-(n—1)

1
£ Aty =—cln(1—5,)

n
5: tn, = Z Aty
k=1

. end for
7: return (tl,...,tN),(Atl,...,AtN)

(=]

Appendix C. Deriving the Discretized Reverse Diffusion. We present a proof to
Proposition 2.3, which crucially leverages our discrete time steps by using Bayes’ theorem.
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Proof. (Proposition 2.3) First, Bayes’ theorem gives us

P(Tnt1 | Tn, 20)p(2n | 20)
p(Tn+1 | 20)

Note that by (2.7), the X,, all have the Markov property (in other words, the position
of a trajectory at one time step depends only on its position at the previous time step).
Hence, p(Tn+1|Zn,x0) = p(Tnt1|2n). Moreover, x,11 and zg are fixed, so the joint den-
sity p(@ny1| o) is a constant. So, we have p(Tpi1|xn) ~ N(V(Atpi1)Tn, B(At,i1)?) by
Corollary 2.2 and p(x,, | 70) ~ N (ymzo, 82) by Proposition 2.1. Since we already know that
p(Tn | Tnt1,x0) is a density, we only need to consider the kernel of the right hand side, meaning

all constants can be ignored. In particular, we will take all terms that are not dependent on
z, and collect them into constants that we will denote as C; and Cs:

p(n | Tni1, x0) =

p(&n+1 | n)p(Tn | 20)
p(@nt1 | o)
o< p(Tn+1 | Tn)p(n | T0)

1
—— - [zn Aty 2. -
0<eXp( 25 O [Ent1 = Y(Atpgr)zn] ) eXP(

p(xn | Tni1,20) =

1
@ : [mn - 7n$0]2)

— 27(Atpy1)Tnt1%n + Y(Atpt1)%a exp ( 2 — 2vpxnwo + 7%33%)
cexp [ —
2B(Atn+1) 2,82

o ( Bn($n+1 = 2y(Atpt1)znt12n + Y(Atnt1)?a?) + B(Atn41)? (23, — 2vnenzo + 77 mo))
Xp

Qﬂ(Atn+1)262

_[BAv(Atn1)? 4 B(Atng1)?]ah = 2[v(Atn41) B ant1 + YnB(Atni1)zolen +Cl)

P 28(Atni1)252

Notice that

B2y (Atns1)? + B(Atpg1)? = (1 — e 2n)e 280 4 (1 — ¢ 24t
— e—?Atn _ €—2tn+1 + (1 o e—ZAtn)

=1 — e %t

= B
Using this fact, we find

plzn |2 o) X exp ( %+1xi 2[y (Atn—&-l)ﬂ Tn+1 +7nﬂ(Atn+l) $0]xn> exp < Ch )
1,40 - . - -
n | tnt1, (Atn+1) Qﬁ(Atn+1)2ﬁr2L
o exp (_ 721+1x% 2[y (Atn+1)ﬁ Tn+41 ""Vnﬁ(Athrl) xO]xn>
2B(Atn41)26
2 _ 9, ’Y(Atngé)ﬁiwwﬂ Ty —2- ’Ynﬂ(ABgnJrl)zﬂfo z,
_ n+1 n+1
X exXp 9. B(At,11)282
62
n+1
<xn _ V(Atngé)ﬁixn+1 _ 7716(%2n+1)2$0>2 + Oy
—exp | — nt+1 1
9. B(Atny1)2B2
Bri1
2 2 2
(xn _ (’Y(At;ii)ﬁn g1 + Wnﬁ(BAZj—nlJrl) . 1'0))
X exXp | — 7. 5(Atn2+1)2/5%

n+1
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We recognize this as the kernel of a N (j7,52) distribution. [ |
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