
Supplemental Materials: Counting the Eigenvalues of the Laplace
Operator on Some Convex Domains

Here we include relevant snippets of code for the Eigenvalue Counting Function (ECF) computation
discussed in the main article, as well as further detail concerning some of the algorithms discussed.

To begin, we formalize the algorithms used to fund the zeros of the Bessel functions and their
derivatives. As discussed, it relies on the local root-finding method fsolve, which relies on giving
initial conditions. To find suitable initial conditions, we travel along the x-axis in defined steps
until we find k such that Jν(k) · Jν(k + Step) < 0, which implies Jν(x) crossed the x-axis in that
step and there exists a zero in that interval.

Algorithm S1 Finding the Dirichlet Zeros of the Bessel function

Input Order ν, Upper boundary kMax
Step 1: init k = ν
Step 2: init zeros as an empty list
Step 3: init Step = 0.5
Step 4:
While k < kMax

· Find y1 = Jν(k)

· Find y2 = Jν(k + Step)

· If y1 · y2 < 0

· Using fsolve to find Jν(z) == 0

· If z < kMax and z > ν

· add z to zeros

· update k = k + Step

· Else update k = k + Step

Output List of all Dirichlet zeros of the ν’s order Bessel function in (ν,kMax)
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Algorithm S2 Finding the Neumann Zeros of the Bessel function

Input Order ν, Upper boundary kMax
Step 1: init k = ν
Step 2: init zeros as an empty list
Step 3: init Step = 0.5
Step 4:
While k < kMax

· Find y′1 = J ′
ν(k)

· Find y′2 = J ′
ν(k + Step)

· If y′1 · y′2 ≤ 0

· Using fsolve to find J ′
ν(z) == 0

· If z < kMax and z > ν

· add z to zeros

· update k = k + Step

· Else update k = k + Step

Output List of all Neumann zeros of the ν’s order Bessel function in (ν,kMax)

What follows are screenshots of the functions used to compute ECFs. The Python matplotlib,
numpy, scipy, and math libraries are all used in this code.

Square Code:

Figure S1: This finds the largest perfect square lower than a given input
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Figure S2: These use algorithm 1 to find the ECF of a square with sidelength s
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Figure S3: The plotting() function plots the Neumann and Dirichlet ECFs along with the leading
Weyl term for a square with sidelength

√
π.

Disk Code:

Figure S4: Beyond initializing our parameters, scipy fsolve only works on the first argument of a
function, so we needed to make new functions to solve for roots in the spatial variable x.
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Figure S5: The function besselZeros() uses algorithm S1 to find the roots of the rank ν Bessel
function on the interval [lower, upper]

Figure S6: The function besselDerivativeZeros() uses algorithm S2 to find the roots of the rank ν
Bessel function derivative on the interval [lower, upper]
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Figure S7: Here we use algorithm 2 to collect the Disk eigenvalues

Figure S8: Here we initialize the multiplicity of the disk eigenvalues based on rank
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Figure S9: This function is a regression test we used to compare our lower rank results with the
scipy built-in Bessel zeros functions. This function can be used to test any future Bessel function
zero function that is developed.
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Figure S10: This plotting function plots the computed ECFs and leading Weyl term for the Unit
Disk
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Cube Code:

Figure S11: This function, cubeDirichletEigenvalues() uses a variation on 1 to find the Dirichlet
eigenvalues of a cube with sidelength s

Figure S12: This function, cubeNeumannEigenvalues() uses a variation on 1 to find the Neumann
eigenvalues of a cube with sidelength s
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Ball Code:

Figure S13: Here we used a variation on the function in S5 for finding the roots of Spherical Bessel
functions
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Figure S14: These two functions use algorithm 3 to compute the Dirichlet ECF of the Sphere.
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Figure S15: Here we used a variation on the function in S6 for finding the roots of Spherical Bessel
functions

Figure S16: These two functions use a slight variation on algorithm 3 to compute the Neumann
ECF of the Sphere.
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Figure S17: This plotting() function plots the ECFs and leading Weyl term for the Unit Sphere.
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Cylinder:

Figure S18: These functions compute the eigenvalues of the interval [0,a].

Figure S19: These functions compute the Eigenvalues of the Disk with radius r, using the functions
in figures S5-S5.
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Figure S20: These functions initialize the multiplicity of the Bessel zeros based on the Bessel
function rank.
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Figure S21: These functions combine the interval and disk eigenvalues using algorithm 4 to generate
the ECFs of the Cylinder.
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Figure S22: This plotting() function plots the ECFs and leading Weyl term for a cylinder with unit
volume.
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Figure S23: Here we compute the ECFs for the cylinder C1 using the functions in figures S18-S22

Figure S24: Here we compute the ECFs for the cylinder C2 using the functions in figures S18-S22
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